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Abstract 

Given a set X of natural numbers, we may formalize “The formula (j) is a 
theorem of uj-logic over the theory T using an oracle for X” by an expres¬ 
sion [l|X]j, 0 , defined using a least fixed point in the language of second-order 
arithmetic. We will prove that the consistency and reflection principles aris¬ 
ing from this notion of provability lead to axiomatizations of IIpCAo and 
nflCAo with bar induction. We compare this to well-known results that 
reflection for cu-derivable formulas and cu-model reflection are equivalent to 
bar induction. 
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1. Introduction 


Reflection principles in formal arithmetic are statements of the form “If 
(j) is a theorem of T, then (f)” [l^. Using notation from provability logic j^, 
for a computably enumerable theory T we may use Gipcf) to denote a natural 
formalization of “(f is a theorem ofT”. Then, the above statement may be 
written succinctly as -A (p. If 0 is a sentence, this gives us an instance 
of local reflection. Although such principles merely state the soundness of 
T, they can almost never be proven within T itself. For example, setting 
(j) = 0 7 ^ 1 , we see that Dpcp —>■ 0 is equivalent to ~nr 0 7 ^ 1 , which asserts 
the consistency of T and hence is unprovable within T itself (if T satishes 
the assumptions of Godels second incompleteness theorem). More generally, 
by Lob’s theorem we have that T h —)■ cp only if (p is already a theorem 

of T 
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We can extend reflection to formulas 4>{x), obtaining uniform reflection 
principles, denoted RFN[T]. These are given by the scheme 

Va;(nT0(x) —)■ (/>(x)), 

where x denotes the numeral of x. 

Uniform reflection principles are particularly appealing because they some¬ 
times give rise to familiar theories. If we use PRA to denote primitive recur¬ 
sive arithmetic, Kreisel and Levy proved in [l^ that 

PA = PRA -F RFN[PRA]; 

in fact, we may replace PRA by the weaker elementary arithmetic (EA), ob¬ 
tained by restricting the induction shema in Peano arithmetic to Aq formulas 
and adding an axiom asserting that the exponential function is total [^. 

Recall that the cu-rule is an inflnitary deduction rule that has the following 
form: 

0(0), P 0(1), P 0(2), P ■■■ 

Vx0(a;),P 

and oj-logic is the logic generated by the w-rule together with the standard 
flnitary rules of the Tait calculus. More generally, u-logic over T allows for 
sequents derivable in T to be used as axioms. 

In this article, we will study formalizations of ca-reflection in second-order 
arithmetic; that is, statements of the form “If (j) is a theorem of u-logic, then 
0”. The question readily arises as to what it means for 0 to be a theorem of 
cu-logic. There are at least three ways to model this. Informally, they are: 

(z) There is a well-founded derivation tree formalizing an cu-proof of 0, in 
which case we will write [P]0. 

{ii) There is a well-order A such that 0 belongs to the set of theorems of 
cu-logic defined by transflnite recursion on A, in which case we will write 

[R],#,. 

{Hi) The formula 0 belongs to the least set closed under the rules and axioms 
of cj-logic. If this is the case, we will write [l]0. 

Although we will discuss these in greater detail later, the ideas behind [P]0 
and [l]0 should be clear; [P]0 gives a ‘local’ view of 0 being a theorem of 
cu-logic by considering (infinite) ca-proofs of 0, while [l]0 gives a more global 
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perspective, describing the set of theorems of w-logic as a whole via an induc¬ 
tive definition. Meanwhile, [R]0 describes the approximations to the fixed 
point used in [!]</) via transhnite recursion. 

Over a strong enough formal theory, one can show that all of these notions 
of provability are equivalent. However, from the point of view of a weak 
theory, they may vary in strength. For X G {P, R, 1} and H C N, let us write 
[X|H](/) if (j) is provable in the sense of X from the atomic diagram of A. Then, 
we dehne a schema 

= 'iA'in ([X|H]0(u,H) ^0(u,H)); 

the notation A indicates a second-order constant added to represent A. If 
r is a set of formulas, wx-RFNp is the restriction of this scheme to 0 G F. 
Then, over RCAq we have that: 

wp-RFN = ni-BIo; (1) 

cuR-RFNni = ATRq. (2) 

(We will review the theories IIRBIo of full bar induction and AT!^ of arith¬ 
metical transhnite recursion in The hrst item is proven in [l| and the 
second in j^. As we will see, if we use Ci;x”RFNp[T] to denote a variant of the 
scheme where w-logic is extended by theorems of T, ([2]) generalizes to 

Wr-RFNj.! [ACAo] = ATRo + n^-BI (3) 

(which is just IIRBIo if n > 1). Moreover, ([T]) also holds for cu-model re- 
hection, the scheme asserting that any formula true in every cu-model must 
be true 0- This begs the question: is wi-RFN also equivalent to a natural 
theory? In this article, we answer the question affirmatively, and prove that: 

cui-RFNni = n}-CAo; (4) 

cui-RFNj^i [ACAo] = n}-CAo + n^-BI. (5) 

Both equivalences are proven over the theory ECAq of elementary compre¬ 
hension, which is strictly weaker than RCAq or even RCAq. 

Layout of the article 

In [|2]we establish some basic notation we will use, and review the subsys¬ 
tems of second-order arithmetic that will be of interest to us. In [|n]we review 
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formalizations of w-logic in the literature, and in § 1 ] we review w-models, 
which give rise to another family of reflection principles, also equivalent to 
bar induction. In ^ we give our formalizations using inductive definitions. 
In ^ we discuss completeness results for ca-logic and prove ([3]), and ^in¬ 
troduces the reflection principles based on our fixed point construction and 
proves partial results leading to (jl]) and (jS]). The latter are proven in §H] using 
/5-mo dels. 

2. Second-order arithmetical theories 

In this section we review some basic notions of second-order arithmetic 
and mention some important theories that will appear throughout the article. 

2.1. Conventions of syntax 

It will be convenient to work within a Tait-style calculus, so we will 
consider a language without negation, except on primitive predicates. Thus 
terms and formulas will be built from the symbols 0, 1, x, exp, =, 7 ^, G, 
representing the standard constants, operations and relations on the natural 
numbers, along with the Booleans A, V and the quantifires V, 3. The rank 
of a formula is the number of logical symbols (Booleans and quantihers) 
that appear in it. We assume a countably inhnite set of first-order variables 
n,m,x,y, z..., which will always be denoted by lower-case letters, as well 
as a countably inhnite set of second-order variables. It will be convenient 
to assume that the second-order variables are enumerated by V = (Vi)jgN) 
although we may also use X,Y, Z,... to denote set-variables. Tuples of hrst- 
order terms or second-order variables will be denoted with a boldface font, 
e.g. t, X. In general, if S' = (S'j)igN is a sequence we will write S<„ for 
{Si)i<:n- We also include countably many set-constants O = (Oi)jGN) which 
will be used as ‘oracles’ (see 1 13.2p . 

We dehne x < y hy 3z {y = x + z) and x<yhyx + l<y. In the 
meta-language we may also use the symbol ‘=’, although sometimes we use 
‘=’ instead in order to distinguish it from the object-language equality. Since 
we have no negation in the language, we dehne by using De Morgan’s 
laws and the classical dualities for quantihers. In particular, we dehne 0 —)■ "0 
by 0 V -0. The set of all formulas will be denoted n((,. 

Fix some elementary Godel numbering mapping a formula 0 G !!((, to a 
natural number '"0”'; terms and sequents of formulas are also assigned Godel 
numbers. Since we will be working mainly inside theories of arithmetic, we 
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will often identify with For a natural number n, define a term n 

recursively by 0 = 0 and n + 1 = (h) + 1. We will assume that the Godel 
numbering has the natural property that whenever '0 is a proper 

subformula of (j). 

We use Aq to denote the set of all formulas, possibly with set parameters 
but without the occurrence of the set-constants Oj, where no second-order 
quantihers appear and all hrst-order quantihers are bounded, that is, of the 
form \/X < t (p oi 3x < t (j). Observe that in our presentation, a Aq formula 
may contain exponential bounds. We simultaneously dehne Sq = IIq = Ag 
and recursively dehne to be the set of all formulas of the form 3x0 with 

0 G n° , and similarly to be the set of all formulas of the form Vx0 with 

0 G We denote by 11° the union of all 11°; these are the arithmetical 
formulas. 

The classes 11;'^ are dehned analogously, but using second-order quan¬ 
tihers, and setting Sq = IIq = Aq = 11° . It is well-known that every second- 
order formula is equivalent to another in one of the above forms. We use a 
lightface font for the analogous classes where no set-variables appear free: 
A™,n™, S™. For lightface classes of formulas, we may write FCK) to indi¬ 
cate that the second-order variables in Y may appear free (and no others). 
Finally, if F is a set of formulas and n is a natural number, we use to 

denote the set of formulas of the form 'iXn^Xn-i, ..., QiXip, with 0 G F 
and Qi G {V, 3}. 

We will also use pseudo-terms to simplify notation, where an expression 
ip{t{x)) should be understood as a shorthand for 3y y)f\Lp{y)), with 0 a 
Aq formula dehning the graph of the intended interpretation of t. Similarly, 
an elementary pseudo-term is an expression 3y < s{x) (^p{x,y) A (p{y)), 
where s is a standard term bounding the values of t{x). The domain of the 
functions dehned by these pseudo-terms may be a proper subset of N. 

Let us list some of the (pseudo-)terms we will use: 

1. An elementary term {x,y) which returns a code of the ordered pair 
formed by x and y and elementary projection terms so that ((x, y))o = x 
and {{x,y))i = y. We will overload this notation by also using it for 
sequences, coded in a standard way. As with tuples of variables, we 
use a boldface font when a hrst-order object is meant to be regarded 
as a sequence. For a sequence s, we will also use (s)* to denote an 
elementary pseudo-term which picks out the element of s if it exists, 
and is undehned otherwise, and |s| denotes an elementary pseudo-term 
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for the length of s. If n G N, s ^ n denotes the sequence obtained by 
adjoining n to s as its last element. 

2. An elementary term x mapping a natural number to the code of its 
numeral. 

3. A (non-elementary) term |a;] which, when x codes a closed term t, 
returns the value of t as a natural number. 

4. For every formula 0 and variables Xo,...,Xm, an elementary term 
(j){xo,... ,Xm) which, given natural numbers no,...,nm, returns the 
code of the outcome of (j)[x/n], i.e., the code of (j){nQ,... ,nm)- We 
will often write such a term as 4>{x). 


Note that we may also use this notation in the meta-language. As is 
standard, we may define X C Y hy Wx{x G X — )■ x G F), and X = Y hy 
X C Y AY C X. U the set F is meant to represent a function, we may write 
y = F{x) instead of {x,y) G F. Sequents will be first-order objects of the 
form 7 = ( 71 ,..., 7 „), where each 7 * is a formula. We will treat sequents as 
sets, defining 0 G 7 by < I 7 I 0 = ( 7 )^, and define j F d similarly. The 
difference between the first- and second-order use of these symbols will be 
clarified by the use of uppercase or lowercase letters. We may write 7 , 0 or 
( 7 , 0 ) instead of 7 ^ 0 . We similarly use 7 , S to denote the concatenation 
of 7 and d. The empty sequent will be denoted by T; observe that we do 
not take it to be a symbol of our formal language. 


2.2. Basic rules and axioms 

We will work with a one-sided Tait-style calculus, which proves sequents 
of the form 7 = ( 7 j)i<n, as defined in e.g. [l^. In such a calculus, negation 
may only be applied to atomic formulas. We assume that the Tait calculus 
is formalized in such a way that the scheme stating that 7 , a is derivable 
whenever a is a true atomic sentence is provable in ECAq; this is not a strong 


assumption, as S^-completeness is provable in EA for standard calculi 10 
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We will also assume that at least the following rules are available: 


(lem) 


1—i 

7, a 7,r : 

7, a, ~Q: 


7, a ’ 

(A) 

7,0 7,0 

7,0 A 0 

(V) 

7,0,0 
7,0 V0 

(V°) 

7,0(n) 

(3°) 

7,0(^) 

7, Vx0(x) 

7, 3x0(x) 

(V‘) 

7,0(R) 

(3^) 


7,VX0(X) 

7,3X0(X) 

(cut) 

7,0 7 , 
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where a is atomic, v, V do not appear free in 7 , and a' is obtained from a 
by replacing some instances of r by r'. We denote this calculus by Tait; 
Tait^ is the restriction of Tait which allows cuts only for formulas of rank 
less than p < cu (in particular, Tait = Tait“). 

2.3. Successor induction and comprehension 

As our ‘background theory’ we will use Robinson’s arithmetic Q [l^ (es¬ 
sentially, PA without induction), enriched with axioms for the exponential; 
call the resulting theory Q"*". Aside from the basic axioms of Q^, the follow¬ 
ing schemes will be useful in axiomatizing many theories of interest to us. 
Below, r denotes a set of formulas. 

P-CA: (t G X -H- 0(x)), where 0 G P and X is not free in (j); 

A^-CA: Va;(7r(a;) GG cr(a;)) —)■ dXVx (x G X GG 

where a G S?, vr G n)*, and X is not free in a or vr; 

IP: 0(0) A Vx (0(x) ^ 0(x-f 1)) —)■ 'ix (j){x), where 0 gP; 

Ind: 0 G X A Vx {x G X — ^ x -|- 1 G X^ — ^ Vx (x G X). 

With this, we may dehne the following theories: 
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ECAo 

RCA* 

RCAo 

ACAo 

nj-CAo 


Q+ + Ind + A°-CA; 
Q+ + Ind + A?-CA; 
Q+ + IS? + A?-CA; 
Q+ + Ind + S?-CA; 
Q+ + Ind + n?-CA. 


Recall that we have included the exponential as a function symbol in our 
language; without it, RCAq would require an additional axiom Exp stating 
that the exponential is total. In the case of ECAq, an alternative presentation 
without an exponential symbol would be less natural. Later we will make use 
of the fact that (in particular) ACAq is hnitely axiomatizable 17|, Lemma 
VIIL1.5]. 

Next, it will be useful to give a somewhat more economical (but equiva¬ 
lent) representation of IIJ-CAo. 


Theorem 2.1. The theory n?-CAo is equivalent to 


Q+ -h Ind-h (n?/S?)-CA. 


Proof sketch. In 17|, Lemma V.1.4], it is proven that any 11J formula is 
equivalent to one of the form V/: N — )■ M </>(/), where 0 G S?. If fun(F) G 
n?(F) is a formula stating that F is the graph of a function, this is in turn 
equivalent to some formula VF (~fun(F) V (j)'{F)'j G Ilj/S?, where (j)' is 
obtained by modifying 0 in the obvious way. □ 


2.4- Transfinite recursion and bar induction 

We mention two further theories that will appear later and require a more 
elaborate setup. We may represent well-orders in second-order arithmetic as 
pairs of sets A = (|A|, <a), and dehne 

Prog^(A) = VA (^(V^<aA 0(0) ^ 0(A)) 

Tl 0 (A) = VA G |A| (Prog^(A) ^ VA G |A| 0(A)) 

WF(A)=VX TIa 6 x(A) 

W0(A) = L0(A) A WF(A), 


where L 0 (A) is a formula expressing that A is a linear order. 




Given a set X whose elements we will regard as ordered pairs (A,n), let 
Xx be the set of all n with (A, n) E X, and X^^x be the set of all {rj, n) with 
T] <A A. With this, we dehne the transfinite recursion scheme by 

TR^(X, A) = VA e |A| Vn {nEXxEE 0(n,X<^A)). 


Finally, we dehne 

ATRo = ACAo + |VA(W0(A) ^ 3A:TR^(X, A)) : 0 e n^}; 
r-BIo = ACAo + |VA(wO(A) ^TI^(A)) :0er}. 


These theories are rather powerful, yet as we will see, IIJ-CAo proves very 
strong rehection principles for both of them; this is particularly remarkable 
in the case of XIRBIq, which is not a subtheory of IIJ-CAo. The following is 


proven m 
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Lemma 2.2. Ilj-Blo ^ ATRq C SJ-BIq. 

To be precise, Ilj-Blo = SJ-DCq, a theory known to be incomparable 
with ATRq. 


3. Formalized a;-logic 

In this section we will give the necessary dehnitions in order to reason 
about w-logic within second-order arithmetic, and introduce the provability 
operator [P] based on w-proofs. 


3.1. Formalized deduction 


For our purposes, a theory is a set of sequents dehned by an arithmetical 
formula DtT, where 7 is a hrst-order variable. For p < w, hx Rule^(x,|/) G 
Aq such that it is provable in ECAq that if Rule^(a;, y) holds, then x codes a 

sequence of sequents and y codes a sequent 7 , and such that 

7 


is an instance of a rule of Tait^ if and only if Rule^(((5j)j<„, 7 ) holds. 

We also need to formalize the inhnitary Tait calculus with the w-rule, 
which we denote by w-Tait. Recall that this rule has inhnitely many premises, 
and has the following form: 


( 7 , (f){n) : n E u) 
7 ,Vx 0(x) 
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We can formalize this using the following expression: 


a;-Rule(P, 7 ) = 30 G 7 3x, ip < cf) {^ = \/xip{x) A ip{z) G P) j. 


Here, P is a set-variable. The formula a;-Rule(P, 7 ) states that 7 follows by 
applying one w-rule to elements of P, and will be used in our formalizations 
of ca-logic. 

3.2. Theories with oracles 

In order to deal with free second-order variables, we will enrich theories 
with oracles. As we have mentioned previously, we will use countably many 
constants O = {OP) jgN in order to ‘feed’ information about any tuple of sets 
of numbers into T. The OPs are assumed to be disjoint from the second-order 
variables. 

To be precise, we hrst encode hnite sequences of sets in a natural way: 
for example, we may enconde by 

A = |(0,n)} U {(/c,i -|- 1) : fc G Aj A i < n}. 

The pair (0, n) is included in order to know the length of the sequence, in 
case that e.g. An-i = 0. As with tuples of natural numbers, let us write 
n = |A|. 

Then, given a Tait theory T and a set-tuple A, dehne T|A to be the 
theory whose rules and axioms are those of T together with the new rules 

(Og) -=- for k E Ai and i < |A| 

(Orf) -=- for k ^ Ai and i < \A\. 

It should be clear that these rules can be dehned by some arithmetical formula 
0rAx(|/, A) and we dehne RuleT|A(a^, I/) = Rule(a:,|/) V 0rAxr(x, A). If T is 
a Tait theory, we will say T|A is a Tait theory with oracles. When working 
in T|Ai,..., A„ we may write x E Ai instead oi x E Oi to increase legibility; 
for example, instead of □'r|yi,s 0 (Oo, Oi), we may write □r|yi,B 0 (A, P). 
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3.3. Formalizing uj-logic using proof trees 

In [H, 1^, derivability in cj-logic is formalized by the existence of an (infi¬ 
nite) derivation tree. It will be convenient to use a standardized representa¬ 
tion of such trees. Let denote the set of all hnite sequences of natural 
numbers. We will represent ca-trees as subsets of If G dehne 
s ^ t if s is an initial segment of t, and fs = {t^S:t^ s}. Then, say 
that an oj-tree is a set S' C such that fS = S. A labeled oj-tree is a pair 
(S', L) such that S is an cn-tree and L : S' —)■ N. 


Definition 3.1. A preproof (for T) of cut-rank at most p < u is a labeled 
oj-tree (S', L) such that for every s E S, L{s) is a seguent, and there is an 


instance 
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of a rule of cu-Tait^ with f < ui such that L{s) = 7 and for 


all i E N, s i E S if and only if i < in which case L{s ^ i) = 5i, or 
else s is a leaf and T h L{s). Let PreProof ^(S', L) be a n5(S', L) formula 
stating that (S', L) is a preproof for T of cut-rank at most p. 

If S is (upwards) well-founded, we will say that {S,L) is an ca-proof. 


The formula PreProof^(S', L) would make use of the formulas Rule and 
(a mild variant of) w-Rule dehned in 1 13.11 this is developed in much more 
detail, for example, in j^. 


Definition 3.2. Given p < 00 , define a formula [P]y 7 by 


3S 3L (WF((S, ^)) A PreProof^(S, L) A L(()) = 7 ). 


We write [P|X ]^7 instead of [P]^|^ 7 . 

The following is immediate from the dehnition: 

Lemma 3.3. Given p < a < u, it is provable in ECAq that [P|X]y 7 implies 

The notion of provability [P] gives rise to a natural reflection scheme. 


Definition 3.4. Given a theory T, p < ov, and a set of formulas T, we define 
a schema 

a;p-RFN^[T] =VAVn [P| A]^ 0(n, O) ^0(n,A)), 


where X) G T with all free variables shown. 
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We may omit the parameter p when p = oo, as well as the parameter T 
when T is just the Tait calculus. This form of reflection gives an alternative 
axiomatization for bar induction, as shown by Arai [H- 

Theorem 3.5. RCAq + Wp-RFNjji = RCAq + IIRbI. 

Note the analogy with Kreisel and Levy’s result; just as reflection is 
equivalent to induction, cu-reflection is equivalent to transfinite induction. 
As we will see, different formulations of cu-logic can also give rise to certain 
forms of comprehension. 


4. Countable cj-models and reflection 


Another notion of reflection can be defined using cu-models. An cu-model is 
a second-order model whose first-order part consists of the standard natural 
numbers with the usual arithmetical operations. Because this part of our 
model is hxed, we only need to specify the second-order part, which consists 
of a family of sets over which we interpret second-order quantiflers. Moreover, 
if this family is countable, we can represent it using a single set. 

In order to have names for all the sets appearing in our cu-model, we in¬ 
troduce countably many set-constants C = and let 11^ (C) be the 

second-order language enriched with these constants. With this, a satisfac¬ 
tion notion can be associated to each countable coded cu-model in a natural 
way. If M codes a sequence of sets, a satisfaction class on M is a set which 
obeys the usual recursive clauses of Tarski’s truth definition, where each 
constant is interpreted as AT„. Let us give a precise definition: 

Definition 4.1. Let M C N, A satisfaction class on M is a set S C n^(C) 
such that, for any terms t,s, n E N, and sentences (j), -0, 


{t o s) E S 
{toCn)ES 
(0 A 0) e S' 
(0 V 0) e S' 
(3m0(-u)) e S 
(Vm0('u)) e S 
(3X0(X)) e ^ 
(VX0(X)) e ^ 


|f]o|s] (oe{=,^}); 

(n, |t])oM (oe{e,0}); 

0 G S' and E S] 

(j) E S or if E S', 
for some n G N, 0(h) G S'; 
for all n eN, 0(h) G S'; 
for some n G N, (fiCn) G S'; 
for all n G N, (j){Cn) E S. 


Given a set of sentences T C n)(,(C) closed under subformulas and substi¬ 
tution by closed terms (including set-constants), if for every 0 G L we have 


12 


that either (j) ^ S or ~0 e S, we will say that S is a F-satisfaction class. If 
r contains all formulas of rank p < u, we say that S is a satisfaction class of 
rank p. A pair DJI = (|9?l|, S^), where is a set and S^yi is a T-satisfaction 
class on |0Jl| of rank p is a F-valued cu-model of rank p. IfV is the set of all 
sentences o/n^(C), we say that Tl is a full cu-model. 

Satisfaction classes are used to define truth in a model; 

Definition 4.2. Given an uj-model ^)Jl, we write DJI \= (f if (f E If T 
is a theory, we say that DJI is a (partial) oj-model of T if, whenever (j) is a 
theorem of T, it follows that 971 ^ If A is an a-tuple of sets, we write 
[M|A]^0 for the formula stating that, for every T-valued u-model DJI of rank 
at least p of T with (f eT and |97t|<a = A, DJl\= (f. 

Since the hrst-order part of an cu-model is just the natural numbers, it is 
easy to see that, for arithmetical sentences, truth in a model is equivalent to 
truth. This partially extends to flj-sentences: 

Lemma 4.3. Let T he any theory and p < oo. Then, if (j){z,X) E flj with 
all free variables shown, 

ECAo h VA Vn (0(n, A) -e [M | A]^0(n, C)). 

Proof. First assume that (f is arithmetical, and let 971 be a model of T of rank 
p. Then, an external induction using the dehnition of a satisfaction class 
shows that, if cf holds, then 971 |= 0. Otherwise, assume that 0 = \/X fj^X) 
and 971 ^ \/X^p{X), so that 971 ^ fj{Ck) for some k. But then, by the 
arithmetical case, fjiCk) fails, so that VX '0(X) fails. □ 

The following claim is immediate from observing that every model of rank 
(T is already a model of any rank p < a: 

Lemma 4.4. Let 0 be an arbitrary formula and p < a < oo. Then, 

ECAohVA ([M|A]^0(C) [M|A]J0(C)). 

We may use cu-models to dehne a notion of reflection a;M~hFNp[T], anal¬ 
ogously to Dehnition 13.41 The following is proven by Jager and Strahm 0, 
and is a rehnement of results of Friedman Q and Simpson [l^ : 
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Theorem 4.5. Let 0 < n < u, and fix a finite axiomatization 0 /ACAq of 
rank p. Then, 


ACAq + [ACAq] = IIABIo. 

In fact, [P ]7 and [M ]7 are equivalent j^. In the next section we will use 
inductive definitions to define two further notions of provability, which are 
also equivalent over a strong enough base theory. 

Remark 4.6. In the literature, u-model reflection is often presented as ‘If 
(j) is true, then is satishable in an w-modeh. We have presented it dually 
as ‘If 0 holds in every ca-model, then 0 is true’. The two schemes are clearly 
equivalent, but we prefer the latter for its symmetry with the other notions of 
reflection we consider. Note, however, that we must replace 0 by ~0 to pass 
from one to the other, and thus Theorem 

as in f7j|/ . 

5. Inductive definitions of ca-logic 

We may also formalize ‘provable in uj-logic’ in second-order arithmetic 
using a least hxed point construction. To this end, let us review how such 
hxed points may be treated in this framework. 

5.1. Inductive definitions 

Let us quickly review inductive dehnitions in the context of second-order 
arithmetic. Below, recall that we are working in a language without negation 
for non-atomic formulas. 

Definition 5.1. Let 0 be any formula and X a set-variable. We say 0 is 
positive on A if contains no occurrences oft^X. 

A positive formula 0 induces a map F = F^: 2^ ^ 2^, which is monotone 
in the sense that X F Y implies that F{X) C F{Y). It is well-known that 
any such operator has a least hxed point. 

Definition 5.2. Given a formula 0(n, A), we define the abbreviations 

Closed 0 (A) = Vn (0(n, A) —)■ n G A) 

(A = /iA.0) = Closed^(A) A VF(Closed 0 (r) ^ A C F). 


4.5 is stated with in place of 
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It is readily checked that n G fiX.cp if and only if ^(n,/iX.0) holds. Snch 
fixed points can be constructed ‘from below’ using transfinite iterations of F: 
if we define F^{X) = X, F^+\X) = F{F^{X)) and F«(X) = 
then by cardinality considerations one can see that 

/iX0 = F"’i(0). (6) 

On the other hand, we may define fiX.cj) ‘from above’ as the intersection of 
all sets Y such that Closed(y) holds. The latter definition is available in 
n}-CAo, as is well-known (see e.g. j^), and thus we see that: 

Lemma 5.3. Given 4>{X) G 11° which is positive on X, it is provable in 
n}-CAo that 3y (y = pX.cp). 

In particular, the rules of w-logic give rise to a positive operator, and a 
theorem of w-logic is any element of its least fixed point. Below, we develop 
this idea to give alternative formalizations of cn-logic. 

5.2. The iterative formalization of u-logic 

We may use ([6]) to formalize ‘0 is a theorem of cu-logic’, as in 0,0- 
There, provability along a countable well-order A is modeled using an ‘it¬ 
erated provability class’ P, defined by arithmetical transfinite recursion as 
follows: 

Definition 5.4. Let K he a second-order variable that will be used to denote 
a well-order and T be a formal theory. Define lter'r(0, P) to be the formula 

V 3^jJ (a;-Rule(P, ^jJ) A Oxii/j 0)) • 

Then, define 

[A]t4> = VP(TRiterT(-P, A) ^ 3A G |A| (0 G Pa)); 

[R]r0 = 3A (W0(A) A [A]r0). 

As before, write [R| A]2,0 instead of [R]2^|^0, and for a set of formulas T and 
p < oj, define a;R-RFNp[T] analogously to Definition 

Recall that, by our convention, the parameter p will be omitted when 
p = OJ. This form of reflection gives rise to an axiomatization of ATRq 0: 


3.4 
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Theorem 5.5. Let U,T be c.e. theories such that ECAq C t/ C ATRq, 
ECAq C T and such that ATRq proves that any set X can he included in a 
full u-model for T. LetV he any set of formulas such that {0 = 1} C E C 
Then, 

ATRo = U + a;R-RFNp[T]. 

In Theorem 16.61 we will extend this result to reflection over higher com¬ 
plexity classes, and show that it also gives rise to an axiomatization of bar 
induction. 

5.3. Formalizing cj-logic via a least fixed point 

We obtain strictly more powerful reflection principles if we model cu-logic 
by an inductively defined fixed point, rather than its transfinite approxima¬ 
tions. 

Definition 5.6. Fix a theory T, possibly with oracles, and p < oo. Then, 
define a formula 

SPC^(Q) = Q = pP. (OtJ V 3a; C Q Rule^(a;, 7 ) V Ci;-Rule(Q, 7 ) j. 

If SPCif{Q) holds we will say that Q is a saturated provability class of rank 
p (p-SPC) for T. 

With this, we may define our fixed point provability operator. 
Definition 5.7. We define a formula 

[l ]^7 = VP (SPC^(P) ^ 7 e P). 

We will write [l|X ]^7 instead of [I]p|x7- 

We will often want to apply this operator to formulas rather than se- 
quents; when this is the case, we will identify a formula 0 with the singleton 
sequent (0), and write [l|X]y0 instead of [l|X]^(0). Since SRC’s are defined 
via an inductive dehnition, their existence can be readily proven in nJ-CAo. 

Lemma 5.8. Let T be any theory and p < oo. Then, it is provable in n|-CAo 
that for every tuple of sets A there exists a set P such that SPCy|^(P) holds. 

Proof. Immediate from Lemma [5.31 □ 
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It is important to note that we have defined [l|X]y 7 by quantifying uni¬ 
versally over all SPCs, so that ~[I|X ]^7 quantifies existentially over them. 
This means that such consistency statements automatically give us a bit of 
comprehension; 

Lemma 5.9. IfT is any theory and 7 any sequent, then 

ECAohVX (~[I|X]^7 ^ 3P SPC^i^(P)). 

However, this instance of comprehension by itself does not necessarily 
carry additional consistency strength, in the following sense: 

Lemma 5.10. IfT is a Tait theory extending ECAq, 

r^noT + VXdP SPC^i^(P); 

that is, the two theories prove the same H^ sentences. 

This is proven in for a weaker notion of provability, but the argument 
carries through in our setting. Roughly, we observe that T -|- n-rT =no T, 
but T -P DtT \- T + VX 3P SPC^i^(P), since in this case an SPC would 
simply consist of the set of all formulas. 

Unlike the existence of SPCs, their uniqueness is immediate from their 
definition. 

Lemma 5.11. IfT is any theory and p < u, we have that 

ECAo h VX 3<iP SPC^i^(P), 

where 3<iP0(P) is an abbreviation ofMP \/Q (0(P) A 0(Q) P = Q). 

As one might expect, adding new sets to our oracle gives us a stronger 
theory: 

Lemma 5.12. Let T be any theory and p < OJ. It is provable in ECAq that 
if A is a tuple of sets and there exists an SPC for T\A, then for any sequent 
7 and any set B, 

[I|A]^7->[I|A,P]^7- 

Proof. Suppose that [l|A]^ 7 . Using our assumption, we may choose an SPC 
P for T| A, so that 7 G P. Let Q be an arbitrary SPC for T| A, B. Observe 
that Q contains all axioms of T| A and is closed under all of its rules, so that 
by the minimality of P, we have that P P Q and thus 7 G Q. Since Q was 
arbitrary, it follows that [l|A, P]^ 7 , as needed. □ 
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Obseve also that our least-fixed-point formalization of cu-provability is at 
least as strong as the formalization using w-proofs: 

Lemma 5.13. Given any formula 0 and p < c < u, it is provable in ACAq 
that [P|A ]^7 —j- [I|A]^ 7 . 

Proof. Assume that [P|A ]^7 holds, and let {S,L) be an cu-proof of 7 . Now, 
consider any SPC P, and consider the set S' = {s E S : L{s) ^ P}, which is 
available in ACAq. By the closure conditions of P, one readily checks that 
S' cannot have a minimal element, and thus must be empty. In particular, 
7 = L((»€P. □ 

Our goal now is to prove impredicative reflection within IIJ-CAo. The 
following is a first approximation: IlJ-CAo proves that any formula proven 
in cu-logic with oracles is true in any cu-model. 

Lemma 5.14 (w-model soundness). Given any theory T, a-tuple A, and 

p<u, 

1. ACAo h VP VAVn (s?Gf{P)P^(j){n,0<aV e P [M|A]^0(n, 

A n}-CAohVAVn ([l| A]^0(n, 0<a)[M| A]^0(n, C<„)). 

Proof sketch. For the first claim, reason in ACAq. Let Wl be any model of T 
of rank p and let P be a saturated provability class for T|A of rank p. Let 
S' be obtained from Sf^n by replacing each Q with hy Oi if i < a and by Va+i 
otherwise. Then, S' is closed under all the rules and axioms defining P, so 
that, by minimality, P C S'. It follows that if 4>{0^a) ^ P, then 0(O<a) G P 
and so (j){Cca) G S^; that is, Tl \= 0 (C'<a). 

The second claim then follows from the first, together with the provable 
existence of a unique p-SPC in IIJ-CAo. □ 

We remark that Lemma I5.14IIT] may be formalized in a weaker theory, say 
RCAq. However, this will not be relevant for our main results. 

6. Completeness and strong predicative reflection 

In this section we will recall some completeness results for formalized 
cj-logic. It is well-known that cu-logic is Hj-complete [l^, but it will be 
convenient to keep track of the second-order axioms needed to prove this. 
From these results, we will obtain a more general form of Theorem 15.51 
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6.1. Completeness results for u-logic 

We begin with a weak completeness result available in ECAq. 

Lemma 6.1. Fix a theory T and p < OJ. Let 7 ( 2 , X) C n° with all free 
variables shown. Then, it is provable in ECAq that 

VAVn(^Y 7 (n,A) ^ [l|A]^7(n,0)y (7) 

Proof. Reasoning within ECAq, hx a tuple n of natural numbers and A of 
sets and assume that \/ 7 (n, A) holds, and write 7 = ((5, 0) so that 0 G 7 
holds. We proceed by an external induciton on <f>. Assume that P is an 
arbitrary SPC for T|X; we must prove that ((5, 0(n, O)) G P. If 0 does not 
contain mantihers we proceed as in a standard S°-completeness proof, as 
in e.g. [ 10 , pp. 175-176]; we omit the details, but remark that the case for 
atomic formulas requires a secondary external induction on the complexity 
of the terms that may appear. 

Now assume that 0 contains quantihers. Let us consider the case where 
0 = Vx 0. By the external induction hypothesis we have, for every k, that 

{S,e{k,n,0)) G P. 

But, P is closed under the ca-rule, so we also have that 

[S,yx6{x,n,0)) G P. 


The remaining cases follow a similar structure; the case where 0 is a 
Boolean combination of its subformulas is straightforward using the rules of 
the Tait calculus, and if 0 = 3a; 0{x), then for some k we have that 9{k) is true 
and we may use the induction hypothesis plus existential introduction. □ 


So, ECAo already proves the completeness of cu-logic for arithmetical 
formulas, but we need to turn to ACAq to prove that it is also complete 
for nj formulas. The following is a mild modihcation of the Henkin-Orey 
oa-completeness theorem BQ: 

Theorem 6.2. For any formula 4>{X) G II]]^ and p < 00 , 


ACAohVA Vn ([M| A]^0(h, O) ^ [P| A]^0(n, C)). 
The following is then immediate from Lemma 15.131 
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Corollary 6.3. For any formula 4>{X) G and any p < OJ, 

ACAo h VA Vn (^[M| A]^0(n, O) ^ [l| A]^0(n, C)). 

For formulas of relatively low complexity, we can replace [M|A]^0 by (f: 

Corollary 6.4. Let p < oj. 

1. Given (j){z,X) G 11]; with all free variables shown, 

ACAo h VAVn (^0(n, A) ^ [l| A]^0(n, O)) . 

2. Given (f){z, X) G S] with all free variables shown, 

ACAo F VAVn ((p{n,A) 3B [l|A, 5]^0(n, O)) . 

Proof. The first clam is immediate from Lemma 14.31 and Corollary 16.31 For 
the second, suppose that (f{z,X) = 3Y%jj{z, X,Y), with G n](X,y). 
Then, if A) holds we can fix B so that A, B) is the case, and 
we may use the first claim to conclude that [l| A, B]ff'i/j{fi, O, B), so that by 
existential introduction we have [\\A, B]ff(j){n,0). □ 

6.2. Predicative reflection and bar induction 

Using the results we have discussed on completeness of w-logic and The¬ 
orem 14.51 we may extend Theorem 15.51 to consider reflection for higher com¬ 
plexity classes. Below, recall that the parameter p may be omitted when 

p = UJ. 

Lemma 6.5. Let T be any theory. Then, over ATRq, the following are 
provably equivalent: 1. [P|A]j.0, 2. [MIAj^.^, 3. [RIAj^.^. 

Proof. That [3] implies [ 2 ] is proven in , and that | 2 ] implies [T] follows from 
Theorem 16.21 Thus it remains to show that [T] implies |3l 

Reasoning in ATRq, suppose that {S, L) is an ca-proof of 0. We use a 
well-known technique of ‘linearizing’ as in e.g. (ff. Consider the ordering 
< on S' given by s < f if one of the following occurs: (a) f ^ s, or (b) s, f are 
incomparable under =^, and for the least i such that Sj 7 ^ tj, we have that 
(s)i < (^)i- Then, it is readily verified that ^ is a well-order on S. Using 
arithmetical transfinite recursion, let P be an IPC for T|A along (S', <). 
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Then, a straightforward transhnite induction along shows that, for all 
s E S, y L{s) G Pg] in particular, 0 G Pq. Since P was arbitrary, we 
conclude that [RIA]^’^. □ 

Theorem 6.6. Let U he a theory such that ECAq PUP ATRq. Then, for 
any n < to, 

ATRo + Ul-Bl = U + wr-RFNj,! [ACAq]. (8) 

■^1+n 

Proof. The case for n = 0 follows from Theorem 15.51 in view of the fact that 
ATRo R nJ-BI, so we assume n > 0. Let R = U + cur-RPN^.! [ACAq]. Let 

1 -|-7T. 

p be the rank of an axiomatization of ACAq. Note that by Theorem 15.51 
ATRo ^ Rj and hence R = ATRo + i^r“RFN„i [ACAo]. But, in view of 

^1 + n 

Lemma 16.51 


R = ATRo + (Um-RFN^i [ACAol = ATRo + cum-RFN^i [ACAol, 

^l + n'- ^1+n 

where the second equivalence is due to the fact that ATRq proves that any 
satisfaction class extends to a full satisfaction class. But, by Theorem 14.51 

ATRo + a;M-RFN^i [ACAq] = ATRo + n^-BI, 


as needed. □ 

In view of Lemma 12.21 it follows that Theorem 15.51 is sharp: 

Corollary 6.7. ATRq 1/wr-RFM^.! [ACAq] . 

Remark 6.8. We could instead use Theorem \3.5\ to obtain a variant of Theo- 
rem \6.6\ with the pure Tait calculus in place of ACAq. For greater generality, 
it may be of interest to analyze the proof in 0/ to identify the minimal 
reguirements on a theory T which would allow us to replace ACAo by T. 

7. Consistency and reflection nsing indnctive definitions 

In this section we will define the notions of reflection and consistency 
that naturally correspond to [l|A]^. Moreover, we will link the two notions 
to each other and see how they relate to comprehension. Below, recall that 
T denotes the empty sequent. 
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Definition 7.1. Given a theory T, p < oj, and a class of formulas F, we 
define the schemas 

a;|-RFNp[T] = VA Vn ^ [l| A]p0(n, O) —)■ 0(n, A) j, 

u;|-C0NS(^[T] = VAVn ~[l| A]^0(n, O) A [l|A]^~0(n, O)), 
a;|-Cons^[T] = VA~[I|A]^±, 

for(t){z,x) e r with all free variables shown. 

Lemma 7.2. Given any theory T, 

1. if p<uj, ACAo + a;|-RFN{i[T] h a;M-RFN^[T]; 

2. if p< u, n}-CAo + u;|-RFN(i = Dj-CAo + u;m-RFN^^[T]. 

Proof. For the first claim, reason in ACAo + a;|-RFNp[T]. Snppose that 0 G F 
and [M| A]y0(n, C). Then, bv Corollary 16. 3 1 [l|A]^0(n, O), and thns (/)(n. A) 
holds by Wi-RFNp. For the second claim, the remaining inclnsion follows from 
Lemma 15.141 □ 

Of course, the schema a;|-C0NSp[T] is only interesting when p < u, since 
otherwise it is just equivalent to consistency. 

Lemma 7.3. IfT is any theory and p < oj, then 

ECAo + wi-CONS^i [T] C ECAo + u;|-Cons‘^[T]. 

Proof. Reasoning by contrapositive, if a;|-C0NS^i [T] fails, then for some for- 
mula 0(z,X), some tuple of sets A and some tuple of natural numbers n, 
we have that 

[l|A]^.#.(n.0)A[l|A]^~.#.(n,0), 

which applying one cut gives us [l|A]pT. □ 

Let us now see that with just a little amount of reflection we get arithmeti¬ 
cal comprehension. The fist step is to build new sets out of our provability 
operators. 

Lemma 7.4. Let T be any Tait theory, (f{z, X) be any formula and p < oj. 
Then, 

ECAohVAdfF Vn (neW ^ [l| A]^0(h, O)). 
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Proof. Reason within ECAq and pick a tuple of sets A. Consider two cases; 
if there does not exist a p-SPC for T\A, then we may set hh = N and observe 
that Vn (n G PR -H- [\\A]ff(f>{n, O)) holds trivially by vacuity. 

If such an SPC does exist, by Lemma [5. Ill it is unique; call it P. Within 
ECAq we may form the set 

W = {n: (j){n,0) G P}. 

Then, if n G PP is arbitrary we have by the uniqueness of P that [l| A]^0(h, O) 
holds. Conversely, if [l| A]^0(fi, O) holds, then in particular (j){n,0) G P 
holds and n G IR by dehnition, so PR has all desired properties. 

Since A was arbitrary, the claim follows. □ 

Lemma 7.5. Let T he any theory and p < OJ. Then, 

ACAo C ECAq + a;|-RFN^o[T]. 

Proof. Work in ECAq + wi-RPN^oIT"]. We only need to prove S°-CA, that is, 

VX 3R Vn (n G R GG X )), 

where 4>{n, X) can be any formula in S'j’(X). 

Fix some tuple of sets A. By Lemma [7.41 we can form the set 

Z = {n: [\\A]^(j){n,0)}. 

We claim that 'in {n ^ Z 4>{n, A)'j which hnishes the proof. If n G 
Z, then, by reflection, (fin, A). On the other hand, if (fin, A) we get by 
arithmetical completeness [Lemma 16.ip that [l| A]^0(rl, O), so that n ^ Z. 

□ 

The above result along with the completeness theorems mentioned ear¬ 
lier may be used to prove that many theories dehned using reflection and 
consistency are equivalent. Below, ~r = {^(f : 0 G P}. 

Lemma 7.6. Let T be a theory extending Q’*', and p < oj. Then: 

1. z/s?crcnl, 

ECAo + a;|-C0NS^[[T] = ECAq + a;|-RFN^u~r[^]; 
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2. ECAq + Ci;|-Cons‘^[T] = ECAq + Wi-RFN^i [T], 
Proof. For the first claim, let us begin by proving that 


ECAo + u;|-C0NS(i[T] C ECAq + a;|-RFN{lLj^r[^]- 

Assume Ci;|-RFNp^^p[T] and let 0 e E. Towards a contradiction, suppose that 
for some tuple of natural numbers n and some tuple of sets A, 

[l|A]^0(n, O) A [l|A]^~0(n, O). 

By reflection, this gives us 4>{n, A) A ^(j){n,A), which is impossible. Since 
(j) was arbitrary, the claim follows. 

Next we prove that 

ECAo + u;|-C0NS(i[T] D ECAq + a;|-RFN{lLj^r[^]- 

For this, fix 0 G ru~r and reason in ECAq+ Ci;|-C0NSp[T]. We hrst consider 
the case where 0 = 0(z, X) is arithmetical. 

Let n be a tuple of natural numbers and A a tuple of sets such that 
[l|A]^0(n, O). If (j){n, A) were false, by Lemma ICTlin we would also have 
that [l| A]y~0(n, O); but this contradicts a;|-C0NSp[T]. We conclude that 
0(n, A) holds, as desired. 

Before considering the case where 0 is not arithmetical, observe that since 
C r, it follows that 

ECAo + a;|-C0NS(^[T] D ECAq + a;|-RFN^o[T], 

and by Lemma 17.51 we have that 

ACAo C ECAo + a;|-C0NS^[T], 

so we may now use arithmetical comprehension. 

With this observation in mind, the argument will be very similar to 
the one before. Once again, suppose that [l|A]^0(n, O) for some tuples 
n, A. If 0(n, A) were false, by Corollary 16.411^ there would be B such that 
[l| A, i?]^~0(n, O). By Lemma ECAo + Ci;|-C0NSp[T] implies that there 
exists a p-SPC for T|A, and hence we may use Lemma [5. 121 to see that 

[l| A, 5]^0(n, O) A [l| A, 5]^~0(n, O). 
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As before, this contradicts a;|-C0NSp[T]. We conclude that (l){n,A) holds, as 
desired. 

Now we prove the second claim. The right-to-left implication is obvious, 
so we focus on the other. Reason in ECAq -|-a;|-Cons‘^[T]. By Lemma 17.31 
this implies cJi-CONS^i [T], so that using Lemma 17751 we may reason in ACAq. 

Fix 0(2, X) G nl and assume that [l| A]70(»T', O). If 0(n, A) were false, 
then by Corollary 16.41 we would also have [l| A, O) for some set B, 

and using Lemma 15.121 as above, 

[l| A, R]^0(n, O) A [l| A, 5]^~0(n, O). 

But this contradicts cJi-CONS^i [T], and we conclude that 0(X) holds. □ 

Next, we turn our attention to proving that reflection implies IIJ-CAo. 
This fact will be an easy consequence of the following: 

Lemma 7.7. Let T be any theory, p < ui, T C 11° (X), and 0(2, X) G If^/T. 
Then, it is provable in ACAq -|-a;|-RFN(^ji^p[T] that 

VAVn {(j){n,A) GG [l| A]^0(n, O)). 

Proof. Reason in ACAq -|- a;|-RFN^i^p[T] and let A and n be arbitrary. For 
the left-to-right direction we see that if 0(n, A) holds, then by provable 
n}-completeness fCorollary 16.4|) . [l|A]^0(n, O) holds as well. For the right- 
to-left direction, if [l| A]y0(n, O), by a;|-RFN^i^p[T], 0(n, A) holds. □ 

We can now hnally combine all our previous results and formulate the 
main theorem of this section. 

Theorem 7.8. Given any theory T, 

ACAo + u;i-RFN^i/ 5 .o[T] h n|-CAo. 

Proof. Work in ACAo-|-C(;|-RFN(7i By Theorem 12.11 we need only prove 

comprehension for arbitrary 0(?7,,X) G n}/E 2 (X). 

Fix a tuple of sets A. By Lemma [7.41 there is a set W satisfying 

Vn (n G IF GG [l|A]^0(h, Of). 

But by Lemma 17.71 this is equivalent to 

Vn (n G IF GG 0(?7,, A)). 

Since 0 and A were arbitrary, we obtain IIJ-CAo, as desired. □ 
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Thus impredicative reflection implies impredicative comprehension, as 
claimed. Next we will prove the opposite implication, but for this we will 
first need to take a detour through jS-models. 


8. Countable /3-models and impredicative reflection 


Our goal in this section is to derive a converse of Theorem 17.81 The main 
tool for this task will be the notion of a countable coded fd-model. In what 
follows we shall discuss the definition and basic existence results for such 
models. 

Note that the converse of Lemma IT^ is not always true for IlJ-sentences, 
as we are not truly quantifying over all subsets of N. Nevertheless, for special 
kinds of models it may actually be the case that OJt |= \/X(f){X) implies that 
yX(j){X) when 0 is arithmetical; such models are called fd-models. 

Below, recall that V = (Vi)igN is assumed to be a sequence listing all 
second-order variables, and that S^a = {Si)i<a for any sequence S. 

Definition 8.1. A countable coded u-model Wl is a /3-model if for every 
and every n, 4){n, |9Jt| <„) holds if and only ifiM\= (fin, C^a) ■ 

Thus, /3-models reflect Ilj formulas; however, with no additional assump¬ 
tions, we can push this property a bit farther. 

Lemma 8.2. Fix a formula (j){z,V^a) ^ It is provable in ACAq that, 
for all a-tuples A and all n, if Tl is a (d-model with |0Jl|<a = A and such 
that Tl \= C^a), then (j){n, A) holds. 


Proof. Write cf) = 3X \/Y if{z, V<a,X, Y) and suppose that A is an a-tuple 
of sets and Tl a model with |fXlt|<a = A. Then, if Tl |= (/)(C<a), it follows 
that for some m, |= WZ (Cca,Cm,Y). But since by assumption DJI 
is a /3-model, it follows that WZ fj^A, \DJl\m, Z) holds, hence so does (f = 
3X WY ^|J{A,X,Y). □ 


A good part of the theory of /3-models rnay be formalized within IIJ-CAo 


Theorems 18.31 and 18.41 may be found in 
theories ATRq and IICBIo in Section 12.31 


17 . Recall that we defined the 


Theorem 8.3. It is provable in ATRq that, for every countable coded fd-model 

m, m 1= ni-Bio. 
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We remark that Theorem 18.31 obviously holds if we replace n^l^-BIo by a 
weaker theory, such as ACAq, ATRq, or others we have mentioned earlier. 
However, IlJ-CAo is required to construct /5-models: 

Theorem 8.4. It is provable in IIJ-CAo that for every a-tuple of sets A 
there is a full fi-model such that |3Jt|<a = A. 

With these results in mind, we can now easily prove that comprehension 
implies reflection. 

Lemma 8.5. Let U,T be theories such that U extends ACAq and p < OJ. If 
U proves that any a-tuple A can be included in an u-model satisfying T of 
rank p, then for any (j){z,X) G Hi with all free variables shown, U proves 
that 

VP VA Vn (^SPC^(P) A (r0(h, Oy G P) ^ 0(n, A)). (9) 

If U proves that any a-tuple A can be included in a (3-model satisfying T of 
rank p < cu, (E]) holds for cf G Ilg. 

Proof. For the first claim, let (j){z,V^a) = VX Kca, X), where G 
Sj with all free variables shown, and reason in ACAq. Fix an a-tuple A 
of sets, a tuple of natural numbers n, and a p-SPC P, and assume that 
(j){n, O^a) £ P- Let B be arbitrary and Tl be an cj-model satisfying T with 
|9Jl|<a+i = A, P. Then, by Lemma [5.141111 DJt |= ip{n,C^a,Ca), so that 
by Lemma 18.21 A, B) holds. Since B was arbitrary, we conclude that 
(j){n, A) = VX'^(n, A,X) holds. The second claim is similar, but we take 
-0 G S 2 and use Lemma 18.21 □ 

Using the fact that IIJ-CAo proves the existence of a p-SPC, we obtain 
the following: 

Corollary 8.6. If p < u and IIJ-CAo proves that any a-tuple A can be 
included in a (3-model for T of rank p, then 

nJ-CAo F a;,-RFN^jT]. 

We may now summarize our results in our main theorem. 

Theorem 8.7. Let U,T be theories such that ECAq ’P U II^-CAo, and 
such that nJ-CAo proves that any set-tuple A can be included in a (3-model 
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(10) 


for T. Let C F C Ilg. Then, for any p < oo, 

nJ-CAo = [/ + a;|-RFN^^[T] 

= U + a;|-CONS^[T] = U + a;|-Cons‘^[T]. 

Proof. All inclusions are immediate from Lemmas 17.51 and 17.61 Theorem 17.81 
and Corollary 18.61 □ 

Corollary 8.8. Let Q = {ECAq, RCAq, RCAq, ACAq, ATRq} and p < OJ. 
Choose t/ e ^ U {nJ-CAo} and T E G U {Tait, IIRBIo}. Then, (lini) holds 
for U and T. 

In view of Theorem 14.51 we may extend these results to reflection over 
higher complexity classes. 

Theorem 8.9. Let U be a theory such that ECAq C C C IIJ-CAo, and let 
p he the rank of some finite axiomatization of ACAq. Then, for any n < oj 
and a E [p, u], 

n}-CAo + nRBI = U + a;|-RFN^i [ACAq]. (11) 

■^1+n 

Proof. As in the proof of Theorem 16.61 the case for n = 0 is immedi¬ 
ate from Theorem 18.71 so we assume n > 0. Let R = IT }-CAo + nCBi 
and R = U + a;|-RFN^i [ACAq]. First we show that BCR. Since 

U -F a;|-RFN^i^j.o[ACAo] C R, we obtain IIJ-CAo C R. We have that 
n}-CAo + a;|-RFN^i [ACAq] h wm-RFN^i [ACAq] 

^1+n^ ^1+n^ 

bv Lemma 17.21 But, IIJ-CAo-F cum-RFN^i [ACAq] h cjm^BFN^i [ACAq] by 

Lemma 14.41 and we obtain R h SRbI by Theorem 14.51 

Next we show that R C B. By Theorem 14.51 and the fact that IIJ-CAo 
proves that any valuation can be extended to a full valuation, we have that 
B h [ACAq]. But, by Lemma 177^ 

n}-CAo -F cjm-BFN^i [ACAq] h wrRFN^i [ACAq]. 

Since U C n}-CAo by assumption, the result follows. □ 

Remark 8.10. Note that u\-RF'S!f[T] is equivalent to the conjunction of the 
two following statements: 
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(1) Every p-SPC contains only true formulas from F, 


(2) there exists a p-SPC containing any tuple of parameters A. 


Thus it is tempting to conjecture that either (1) or (2) is sufficient to obtain 


n}-CAo. But this is not the case. Observe that ACAq proves that RCAq 
has oj-models of any finite rank p Lemma VII.2.2], hence by Lemma 
|g.5l it proves that any p-SPC for RCAq reflects formulas, yet ACAq C 
nJ-CAo. Similarly, ATRq proves that ACAq has full oj -models 111. Theorem 
VIIL1.13], so it proves that any u-SPC for ACAq reflects formulas. We 


conclude that (1) is not sufficient. 


Meanwhile, bu Lemma \5.1(A T = ACAo+3P (P) is eguiconsistent 

with ACAq, hence T C nJ-CAo. It follows that (2) is not sufficient either. 


On the other hand, the reader may verify, using Lemma lSTR that 


nJ-CAo = ACAo + 3P SPC°,cAo(^) = ATR 


SPC^CAo(^)- 


9. Concluding remarks 

We have shown that IIJ-CAo and its extensions with bar induction are 
equivalent, over a weak base theory, to a family of proof-theoretic reflection 
or consistency assertions formalized using least hxed points. This, together 
with work on reflection principles based on cu-proofs and iterated approxima¬ 
tions to a least hxed point, shows that many important systems of reverse 
mathematics may be represented in terms of rehection principles for cu-logic. 

This immediately raises the question of whether stronger theories may 
be represented in a similar fashion, as well as theories in the language of 
(say) set theory. Such an endeavour would most likely require working with 
inhnitary rules much stronger than the w-rule, and may be a fuitful line of 
future inquiry. 

A second natural question is whether these results will lead to a If)’ ordinal 
analysis of these theories, in the style of Beklemishev’s analysis of PA [^. 
While this goal is part of the motivation for the present work, it is clear 
that this would require many further advances, both in the proof theory of 
reflection principles and in the study of transhnite provability logic. 
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